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Some results are given on the homology groups of the abstract simplicial 
complex associated to a multivariable control system, as an extension of the central 
result of J. Casti (J. Math. Anal. Appl. 68 (197Y). 347-370) to the multivariable 
case. The method used is “polyhedral dynamics” as termed by J. Casti, who 
introduced it. A given control system is mapped into a simplicial complex and then 
its homological structure is studied. These results, obtained in the multivariable 
case by the use of the Mayer-Vietoris homology sequence and of the relative 
homology sequence, present topological invariants for control systems thus creating 
the possibility of a new topological classification of multivariable systems. An 
example is given to clarify the approach. c 1985 Academic Press. Inc. 
1. INTRODUCTION 
It was J. Casti in [ 11 who studied topologically a single-input linear 
system by associating a simplicial complex K to the controllability matrix 
and calculating its homology groups H,(K. ..“). As a consequence the Betti 
numbers of K can be interpreted as a new type of invariant of the system. 
For a single-input linear system 
i=Ax+bu (S) 
(with x E R”, A a n x n real matrix, b a column vector in I?” and u a real 
number denoting the control applied to the system) it is possible to associate 
a simplicial complex K to the controllability matrix 
C= [bAb . . . A”-‘b] 
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in the following manner. The vertices of K are identified with the columns of 
C; the p-dimensional simplices of K are taken to be all the ordered subsets of 
p + 1 linearly independent columns of C. 
The central result proved by J. Casti in [ 1] is that the system is 
completely controllable if and only if the associated complex has trivial 
homology H,(K, Z) z 0, 0 < i Q n - 1 (Z being the group of integers). 
Let us explain this result in more detail. The system S is controllable if 
and only if the matrix C has rank n which means that the columns of C are 
linearly independent. Consequently the complex K consists of a single n - l- 
dimensional simplex together with its faces. In this case all the homology 
groups H,(K, Z) except H,(K, Z) are trivial. Hence K has no “holes.” 
Our main goal is to characterize topologically the class of so-called 
“generic multi-input systems” which will be described later. The main tools 
used are the Mayer-Vietoris sequence and the relative homology sequence. 
We conclude the paper by applying the method on a concrete example taken 
from [ 1 1. 
2. THE MAYER-VIETORIS AND THE RELATIVE HOMOLOGY SEQUENCES 
Let K be an abstract simplicial complex and K,, K, two subcomplexes of 
K such that K = K, UK,. The Mayer-Vietoris sequence is the following 
exact homology sequence 
. I  ., 
... dq+ H,(K, nK,)LH,(K,)@H,(K,)& H&K, u KJ 
dq - H,-,(K,nK,)+ ..' (2.1) 
where i;({cl) = (Ic],, I-CIA f or any homology class {c} in H,(K, n K,), 
[ . 1, and [ . II denoting, respectively, the homology class in H,(K,) and 
H,(K,), while &([c I,, [c”]~) = [c’ + c”],*, [ . I,, being the homology class 
in H,(K, U K,) 
Here 2 is the boundary operator, ( . } denotes the homology class in 
H,.. ,(K, n K,), c is a q-cycle and i,-, , jq are defined by 
iq- ,: Cq- ,(K, n K,) -+ C,(K,) 0 C,(KA i, _ ,(c) = (c, -c) 
.iq: CqW,) 0 CqW,) -+ C,W, U Kdr iq((c, 3 cd) = Cl + c21 
C,(. ) being the group of qth chains of the respective complex, which is the 
freely generated abelian group of the set of q-dimensional simplices. We have 
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omitted the coefftcient group which is Z (the integers group) throughout this 
paper. 
Let K be an abstract simplicial complex and K, a subcomplex of K. In 
this case the following sequence of chain groups 
0 + C(K,) -+ C(K) -+ C(K)/C(K,) + 0 (2.2) 
is exact. By definition the 4th relative homology group of the pair (K; K,,) is 
the corresponding homology group of the complex C(K)/C(K,), denoted by 
H,(K; K,). 
The exact sequence (2.2) generates the exact homology sequence 
.e. + H,(K,) -, H,(K) + H,(K; K,) 
~H,.,(Ko)~H,-,(K)~... (2.3) 
known as the relative homology sequence of the pair (K; K,). 
Full details and proofs concerning the two exact homology sequences can 
be found in any classical text on algebraic topology (for example, in 131). 
We shall also use the following elementary properties of exact sequences 
of abelian groups. 
Property 1. If 0 + G’ + G + G” + 0 is an exact sequence of free abelian 
groups then G 2 G’ 3 G”. In fact. it sufftces that G” be free and the 
sequence exact. 
Property 2. If the sequence 0 + G + G’ + 0 is exact then G 2: G’. 
Now we can present the main results. 
3. A RECURRENCE FORMULA FOR 
THE HOMOLOGY GROUPS OF A CLASS OF CONTROL SYSTEMS 
We consider the multi-input linear system 
i=Ax+Bu 
with x E R” and u E C?‘“, having the controllability matrix 
C= [b, ‘.. b,Ab, ... Ab, ..a A”-‘6, ... A”-‘b,] 
where 6, stands for the ith column of the m x n matrix B. There will be m . n 
vertices in the associated complex K, which we have constructed according 
to Section I. Let p be the rank of the controllability matrix C. We shall 
restrict our attention to the multivariable systems for which any p of the 
column vectors in the controllability matrix are linearly independent. This 
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class contains the generic controllable systems in H”, corresponding to p = n 
[S]. From now on any system of the preceding class will be called a p- 
generic system. If r, p are two integers such that 1 <p < r, we denote by KL 
an abstract simplicial complex with r distinct vertices, for which an ordered 
sequence (x, . . . x9) of q distinct vertices is a simplex if and only if q <p. If 
r = mn then clearly KL is the simplicial complex associated to the 
controllability matrix of a multivariable system in our class. 
Now we can begin to study the homology of the complex K. First of all 
we prove the following two lemmas. 
LEMMA 1. The simplicial complex K; satisfies the following relations: 
(i) H&K;) E 0 for I<q<p-1 
(ii) H,(Ki) 1 I for p 2 2. 
ProoJ Since KL is connected it follows that H,(KL) Y 2. Let z = 
Ciei aisi be a q-cycle of KL, i being the index set of the q-dimensional 
simplices of the complex and a, the integers. Fix the vertex x and denote by 
i, the set i, = (i 1 i E i, x 6$ si}. Then by concatenation we obtain a (q + 1). 
dimensional simplex (xsi) for every si. Clearly 
z- \‘ aia(xsi) 
i2, 
is a q-cycle of K;, the complex containing the simplices of Ki that have x as 
vertex together with all their faces (this is the x-star of Ki). As is well known 
(see [ 3 ]) H,(K,“) z 0. Consequently 
L Z - x, aiZ(XSi) = [Ol. icl, I 
[ . ] being the homology class in H,(K;). Since KE is a subcomplex of KL it 
follows that 
L z - 2: a,a(xs,) = 101 iti, I 
in HJKL). Because [z - CiEi, a,Z(xs,) ] = [z ] = [O] we conclude that 
HJK;) = 0. 
LEMMA 2. We have the following recurrence formula for our class of 
multi-input systems: 
H,(K;+ ,) 2: f&W;,,: 0 H, AK;-‘1 (3.1) 
for 1 <p<n- 1. 
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Proof. Clearly by omitting one vertex x from KL+ , we get a KL type of 
complex. Moreover 
K;;‘,UK;+,=K;+,; K;;;nK;,,=K;-‘. 
The Mayer-Vietoris sequence (2.1) with K, = Ki; : and K, = Kt+ , becomes 
a.. -+ H,(K;-‘) + H&K;,;) @ H&K;+ ,) 
+H,JK;+ ,)+H&K;-‘)+ ... (3.2) 
Since H9(KG+,)2-0 f or any q <p, Hp(KL-‘) ‘v 0 and, as a consequence of 
Lemma 1, H,-, (Ki; :) = 0, it follows that the sequence 
O~Hp(K~;:)-*Hp(K:,+,)~Hp-,(K~-‘),O 
is exact. Since all the homology groups of our complexes are free abelian 
groups we conclude that 
Now we state our principal result. 
THEOREM 1. Let S be a (p + I)-generic multi-input control system and 
K’ P+l the simplicial complex associated to the controllability matrix of S. 
Then 
H,(K;+,)sL&. @EzlK (3.3) 
with 
K-times 
K= 
where 
i 0 i! j =j(i-j)! 
ProoJ First of all we shall prove that 
H,(K;) = Z (3.4) 
with 
I= r- 1 ( 1 2 . 
176 IVASCU AND BURSTEIN 
For p = I the Mayer-Vietoris sequence will be 
o-,H,(K;-')~H,(K:)~H,(K;-')~H"(K;-')OH"(K:) 
-+ H,(K;) + 0. (3.5) 
It is easy to see that H,(K;- ‘) ‘Y I r--‘. Now we prove that Im d, 2 L’- I. Let 
Iz 1 E H,(Kg). Since 
K;=K';uK;.' 
z = z, + z2 with z, a chain in K; and z2 a chain in KG-'. z being a cycle 
Zz = 0, consequently 82, = -a~, and by (2.2) 
d,(Izl) = Vz2l = -vz, t 
where { . } denotes the homology class in H,,(K;- ‘). Now 
(3.6) 
r-1 
z, = y U,(XjX) 
j= 1 
and by (3.6) it follows that x doesn’t appear in a~,, 
r-1 
( 1 
r-1 
az, = ,& a, (x) - 1 Uj(Xj). 
j- I 
Hence CJ-: aj = 0 and d,([zJ) = CJ: ,, aj(xj>. Conversely, if CJ ,, Qj(.Yj> E 
H,,(K;-') and ,Y’J:i uj = 0 we take z = a,(x,x) + ... + a,- ,(x, ,x) + 
a,(x2x,) + (a, + a,)(x,x,> + .a. + (a, + ... + a,-,)(~, ,.y2). Clearly 
az = 0 so that z defines an element of the group H,(Ki). Since d,(lz]) = 
‘J--c.:’ .( ) h I t’ , , a, x, t e re a Ion Im d, = .J” 2 is proved. As a consequence we have 
the exact sequence 
and thus by recurrence 
H,(K;)rH,(K;-')@P2 -H,(K;-2)@.Z-"@:' ' 
d,(K:)$Q'@ ... @ .T-'. 
Because H,(Ki) z .a- (we have only one l-cycle which is not a boundary) we 
obtain 
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with 
I= r- 1 ( 1 2 * 
It follows now easily by induction using (3.1) and the formula 
that (3.3) is true. 
For the controllable systems in R” we have the corollary 
COROLLARY. For an-v generic controllable system in H” 
H,- ,(K;) - 6’ 
with 
i= 
Now let us give an example to see how we can recover a result obtained in 
[ 11 by using the formula (3.4). 
EXAMPLE. In [ 11 an example was given that can be extended to the 
continuous case by 
with the controllability matrix 
It was found in 11 1 that H,(K) 2 Z’“, K being the associated simplicial 
complex. It is easy to see that K is of the type K!, any three column vectors 
of C being linearly independent. Consequently 
H,(K;) 2: L ‘“. 
Thus, even if the system is controllable, in this multivariate case there are 
IO “holes” in the associated space. 
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The preceding results can also be obtained by simpler means but the proof 
method based on Mayer-Vietoris sequence was preferred because it seems to 
be the proper method for finding results for different nongeneric classes. 
4. A RELATIVE HOMOLOGY RESULT FOR 
THE MULTI-INPUT SYSTEMS 
Let again S be a multi-input linear system 
i=Ax+Bu (4.1) 
with the controllability matrix C and K the associated simplicial complex. 
Let K, denote the simplicial subcomplex of K formed with n linearly 
independent column vectors of C by one of the selection algorithms available 
[4,5 1. Then the following proposition is easily established. 
PROPOSITION. If K is the simplicial complex associated to rhe 
controllability matrix of the system (4.1) then 
H,(K) = H,(K; K,), p> 1. 
Proof. The (n - I)-subcomplex K,, is in fact an (n - I)-dimensional 
simplex of K and therefore has trivial homology. By using the relative 
homology sequence of the pair (K; K,) we obtain, for every p > 1, the exact 
sequence 
0 -+ H,(K) --t H,(K; K,) -+ 0. 
Consequently 
H,(K) = H,,(K; K,) for p>l. 
This elementary result simplifies calculations and relates the whole system 
to the system module a subsystem. 
5. CONCLUSION 
Our results are essentially due to the polyhedral dynamics approach of the 
controllability problem initiated by J. Casti in [ 11. Many of the further 
research directions are also stated in [ I]. Nonlinear extension and optimal 
control applications were proposed by J. Casti. We have already obtained a 
generalization of the Heymann Lemma (a classical result of system theory 
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(Sl) for simplicial complexex and we have also built a simplicial complex 
for the pole allocation problem with respect to which feedback maps are 
topologically classified. These results are the subject of a forthcoming paper. 
ACKNOWLEDGMENT 
This paper wholly owes its existence to the interesting paper 111 and book 121 by John 
Casti. 
REFERENCES 
1. J. CASTI, Polyhedral dynamics and the controllability of dynamical systems. J. Math. 
Anal. Appl. 68 (1979). 347-370. 
2. J. CASTI. “Complexity, Connectivity and Catastrophe.” Wiley. New York, 1979. 
3. P. HII.TON AND S. WYLIE. “Homology Theory,” Cambridge Univ. Press, London/New 
York. 1960. 
4. V. IONESCU AND C. POPEEA. Methods for synthesis of linear systems. Polytechnic Institute 
of Bucharest lithography, 1979 (in Romanian). 
5. W. M. WONHAM. “Linear Multivariate Control-A Geometric Approach.” Applications of 
Mathematics No. IO. Springer-Verlag. New York/Berlin. 1979. 
